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D E F O R M A T I O N  O F  M E D I U M  H A V I N G  S T R I N G  
S T R U C T U R E  
T R I N H  V A N  K H O A  
H a n o i  A r c h i t e c t u r a l  U n i v e r s i t y  
A b s t r a c t .  I n  t h i s  p a p e r  w e  c o n s t r u c t e d  a  m o d e l  o f  p l a s t i c  d e f o r m a t i o n  o f  t h e  m e d i u m  
h a v i n g  s t r i n g  s t r u c t u r e .  T h e  k n o t  t h e o r y  w a s  u s e d  t o  c l a s s i f y  t h e  p l a s t i c  s t a t e .  
1 .  I N T R O D U C T I O N  
K n o t  t h e o r y  w a s  b o r n  i n  S c o t l a n d  a r o u n d  t h e  y e a r  o f  1 8 6 7 .  J . C .  M a x w e l l ,  P . G .  T a i t  
a n d  V I .  T h o m s o n  w e r e  t h e  f o u n d e r s  o f  w h a t  t h a t  h a s  b e c o m e  a  k n o t  t h e o r y .  A c c o r d i n g  t o  
T h o m s o n ' s  t h e o r y  o f  c h e m i c a l  e l e m e n t s  a l l  a t o m s  a r e  m a d e  o f  s m a l l  k n o t s  f o r m e d  b y  v o r t e x  
l i n e s  o f  e i t h e r  w h i c h  h a v e  t o  b e  k i n e t i c a l l y  s t a b l e .  A f t e r  t h a t  A l e x a n d e r  h a s  p e r f o r m e d  
t h e  c l a s s i f i c a t i o n  o f  t h e  k n o t  ( k n o t  i n v a r i a n t ) .  N o w  o n c e  a g a i n  k n o t  p r o b l e m  i s  s t u d d i n g  
s t r o n g l y  t h a n k s  t o  t h e  r e s u l t s  o f  J o n e s .  I n  t h e  t i m e  o n e  a c h i e v e s  i m p o r t a n t  p r o g r e s s  i n  
t h e  m a t h e m a t i c s  a n d  t h e  p h y s i c s  w h e n  o n e  u s e s  k n o t  t h e o r y .  
C o n c r e t e l y ,  i n  t h e  p a p e r  [ 1 ]  t h e  c o n n e c t i o n s  b e t w e e n  t h e  t h e o r y  o f  k n o t  a n d  s t a t i s t i c a l  
m e c h a n i c s  a r e  s h o w n  a n d  i n  t h e  t h e o r y  o f  k n o t  t h e r e  i s  t h e  n e w  d e v i c e  f o r  c o n s i d e r i n g  
p r e c i s e l y  - s o l u b l e  p r o b l e m  o f  s t a t i s t i c a l  m e c h a n i c s .  I n  t h i s  c : a s e ,  i n  t h e  e v o l u t i o n a r y  
e q u a t i o n  t h e r e  i s  t h e  d y n a m i c a l  s y m m e t r y .  I n  s i m p l e s t  c a s e ,  t h e  d e t e r m i n a t i o n  o f  i n v a r i a n t  
o f  k n o t  i s  e q u i v a l e n t  t o  d e t e r m i n a t i o n  o f  f u n c t i o n  o f  d i s t r i b u t i o n  o f  p r o b a b i l i t y  i n  a  c r i t i c a l  
p o i n t  f o r  t w o - d i m e n s i o n  m o d e l s .  I g n o r i n g  t h e  s t r i c t  o f  m a t h e m a t i c a l  r e q u i r e m e n t  i t  i s  
e q u i v a l e 1 ' 1 t  t o  d e f i n i t i o n  o f  F e y m a n n  i n t e g r a l  o v e r  a  t r a j e c t o r y .  T h a t  m e a n s ,  e v e r y  F e y m a n n  
d i a g r a m  c o r r e s p o n d s  a  k n o t  i n v a r i a n t .  I t  i s  t h e  m e a n  i d e a  o f  \ i \ T i t t e n .  S i n c e ,  i n  t h e  
C h e r n - S i m o n s - · w i t  t e n  t h e o r y  t h e  s t a t i s t i c a l  s u m  i s  c o v a r i a n t  - e q u i v a l e n t  t o  k n o t  i n v a r i a n t  
( " L i n k  i n v a r i a n t " ) .  A  m a t t e r  o f  c o u r s e ,  t h e  W i l s o n  l i n e  w a s  i d e n t i f i e d  w i t h  a  s t r i n g s .  I n  
r e s e a r c h  o f  t w o - d i m e n s i o n  m o d e l  a  c o n d i t i o n  o f  i n t e g r a b i l i t y  i s  c o n n e c t e d  t o  a  s u b g r o u p  
o f  b r a i d  g r o u p  ( i n  t h e  Y a n g - B a x t e r  e q u a t i o n ) .  W h a t  d o  w e  r e c e i v e  w h e n  w e  u s e  t h i s  i d e a .  
I n  p a p e r  [ 7 ]  w e  u s e d  s t a t i s t i c a l  s u m  o f  a  C h e r n - S i m o n s - W i t t e n  t y p e  f o r  c o n s t r u c t i n g  a  
m o d e l  o f  p l a s t i c  d e f o r m a t i o n .  A t  t h i s  c a s e  t h e  I l y u s h i n  t r a j e c t o r y  o f  d e f o r m a t i o n  w a s  
i d e n t i f i e d  w i t h  a  k n o t .  H o w e v e r ,  o u r  p r o b l e m  i s  p o s s i b l e  t o  s i m p l i f y ,  w h e n  w e  a r e  h a v i n g  
a d m i t t e d  t h e  e x i s t e n c e  o f  s t r i n g  s t r u c t u r e ,  i n  w h i c h  a  d e f o r m a t i o n  t r a j e c t o r y  o f  a  s t r i n g  
a l s o  i s  a  s t r i n g .  P o l y m e r  m e d i u m  i s  a n  m e d i u m  o f  s u c h  t y p e .  F o r  s i m p l i c i t y  w e  s h a l l  
c o n s i d e r  o n l y  t w o - d i m e n s i o n  p r o b l e m .  F o r  p o l y m e r  m e d i u m  A . I u .  G r o s b e r g  c o n s i d e r e d  
t h e  s t a t i s t i c a l  s u m  w i t h  t h e  h e l p  o f  t h e  c o n c e p t  o f  t h e  e n t r o p y  o f  a  k n o t  ( p o s s i b l e  p h a s e  
v o l u m e )  a n d  a  m a x i m u m  s w o l l e n  r e p r e s e n t a t i o n  o f  t h e  k n o t  [ 8 ] .  S .  K .  N e t r a e v ,  i n  p a p e r  
[ 9 ] ,  u s e d  a l g e b r a i c  K a u f f m a n  i n v a r i a n t  o f  t h e  k n o t  f o r  d e m o n s t r a t i o n  o f  d i r e c t  c o n n e c t i o n  
o f  t o p o l o g i c a l  c h a r a c t e r  w i t h  t h e r m o d y n a m i c  p r o p e r t i e s  o f  t w o - d i m e n s i o n  P o s t  m o d e l  i n  
f r o z e n ,  o r  i n  t h e  d y n a m i c a l  d i s o r d e r  w i t h  a  c o n s t a n t  i n t e r a c t i o n  [ 9 ] .  
I n  t h i s  p a p e r  w e  u s e  t h e  r e p r e s e n t a t i o n  m e t h o d  o f  b r a i d  g r o u p s  t o  d e s i g n  F e y m a n n  
i n t e g r a l  f o r  t h e  d i s t r i b u t i o n  o f  p r o b a b i l i t y  i n  t h e  p r o b l e m  o f  p l a s t i c  d e f o r m a t i o n  i n  t h e  
s y n e r g e t i c  f o r m a l i s m .  I t  w i l l  a l l o w  t o  s e e  t h e  c o n n e c t i o n  o f  d i s t r i b u t i o n  o f  p r o b a b i l i t i e s  i n  
o u r  p a p e r  a n d  t h e  G a u s s  d i s t r i b u t i o n  i n  p a p e r s  [ 5 ,  1 0 ] .  
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2. DEFORMATION AS THE PROCESS OF THE SPONTANEOUS 
FORMATION OF THE STRUCTURE 
241 
Last years, one has saved huge results of the experiments, allowing to formulate the new 
approaches to problems of plasticity. There is a special attention, that one deserves the 
synergetic approach, considering a deformable firm body as an open, strongly nonequi-
libri um system, and a plastic deformation - as a dissipative process lowering the level of 
elastic stress of medium [2 , 3] . On the essence, it is process of birth and distribution 
of soliton with certain topological characteristics [7]. Now the wave character of plastic 
deformation of firm bodies does not cause doubts . According to the synergetic approach 
the solution of the Fokker - Planck equation is a density of probability distribution of 
transition to plasticity. However , using potential character of a process of deformation, 
instead of the Fokker - Planck equation it is possible to use the Schrodinger equation [7] . 
So, we shall consider the equation of deformation process as the Schrodinger equation: 
of = !!:.___ j _ W(e) j 
at 8e2 T ' (2 .1 ) 
where vV(e) is a potential of deformation as free energy, T -temperature. It is possible to 
write down the solution as Feymann integral [8]: 
t 
f( e(to) , to; e(t), t) = N / exp{ - i / dTG}de(t) , 
to 
(2.2) 
where the point above e designates derivative in time and N is an integral constant . 
3. THE PROPAGATION OF PLASTIC DEFORMATION 
In t he mechanics of continuous medium we investigate the string in the role of the 
trajectory of deformation. For simplicity let's consider only 2-dimension case, when tra-
jectories are located on a surface in the Euclide space. Thus it is possible to describe 
configuration space of system of n strings as 
(3.1) 
The topology of such configuration space is non-trivial. The homotopy class is determined 
through the "winding number" n . Let's consider two strings a and b. The number n is 
determined by Gausse integral for any part of a curve C, which does not pass through 
string b, located in a point ~ [5]: 
n = 2~i / z ~( (3 .2) 
c 
, However, generally in two-dimension coordinates, instead of the "winding number" nit is 
possible to determine a "winding angle" e of the curve a (curve C) for the string b. It is 
the difference of the initial and final angle pl us angles of n winding circle ( 2Kn): 
(3.3) 
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w h e r e  B o  a n d  B
1  
a r e  c o r n e r s  c o r r e s p o n d i n g  t o  i n i t i a l  a n d  f i n a l  p o i n t s  o f  a  c u r v e .  E v e r y  
s t r i n g  h a s  t h e  i t s e l f  i n t e r n a l  s p a c e .  W e  c a n  c h o o s e  t h e  i n t e r n a l  s p a c e  a s  L e e  g r o u p  G .  S o ,  
i t  i s  p o s s i b l e  t o  g e n e r a l i z e  " n u m b e r  o f  r e v o l u t i o n s "  ( w i n d i n g  n u m b e r ) ,  w h i c h  w i l l  r e c e i v e  
t h e  f o l l o w i n g  v a l u e  i n  t h i s  i n t e r n a l  s p a c e .  I f  w e  d e n o t e  T a ,  n  b e i n g  p r e s e n t a t i o n s  o f  
e l e m e n t s  a ,  b ,  t h e n  w i n d i n g  c h a r a c t e r  o f  t h e s e  e l e m e n t s  i s  i n  t h e  f o r m  o f  n T a  Q 9  n ,  w h e r e  
n - w i n d i n g  n u m b e r  a n d  T a  Q 9  n  i s  t e n s o r  p r o d u c t  o f  t h e  p r e s e n t a t i o n s  T a ,  n ,  s i g n (  C ) -
d e n o t e  t h e  d i r e c t  o f  t h e  c u r v e .  T h e n  w e  r e c e i v e  t h e  f o l l o w i n g  v a l u e  [ 4 ,  1 2 ] :  
B  = s i g n ( C )  I  B 1  - B o  I  + 2 7 r w ,  
1  J  d z  
w  = n T a  0  T b = - .  - - t T a  0  n .  
2 7 r Z  Z  - < . ,  
( 3 . 4 )  
C '  
\ V e  c a r r y  o u t  t h e  p a r a m e t r i z a t i o n  o f  a  t r a j e c t o r y  t h r o u g h  z (  t ) ,  t o  : : : ;  t  : : : ;  t
1
,  h e r e i n  i t  i s  
p o s s i b l e  t o  c o n s i d e r  t h e  F e y m a n n  p r o p a g a t i o n  o f  t h e  s t r i n g  a  f r o m  p l a c e  z o  =  z ( t o )  t o  
a  p l a c e  z
1  
=  z (  t
1
) .  T h e n  s i m i l a r l y  t o  p a p e r  [4 ,  1 2 ] ,  i t  i s  p o s s i b l e  t o  w r i t e  t h e  F e y m a n n  
p r o p a g a t o r  f o r  t h e  h o m o t o p y  c l a s s  l  a s  
t i  
K 1 ( z 1 ,  t 1 ,  z o ,  t o ) =  f  D 1 z ( t ) D 1 z ( t )  e x p ( i  f  G d t ) J ( 2 7 r l T a  0  n  - B ) ,  ( 3 . 5 )  
t o  
w h e r e  G  w a s  g i v e n  i u  ( 3 . 2 ) .  I n  t h e  i n t e g r a l  p r e s e n t a t i o n  D i r a c  f u n c t i o n  o  i n  ( 3 . 5 )  f o r  l o o k s  
l i k e  
J  
d k d k  -
o ( 2 7 r l T a @ n - B )  =  - -
2  
e x p [ - i ( k ¢ +  k ¢ ) ] x  
4 7 r  
x  P  e x p {  i [ 2 7 r k ( l T a  0  n  - w ) ]  +  c . c } ,  
( 3 . 6 )  
w h e r e  c . c - i s  a n  a p p r o x i m a t i o n  o f  t h e  h i g h  o r d e r  o f  t h e  F o u r i e r ' s  e x p a n s i o n .  T h i s  i s  
t h e  d e s c r i p t i o n  i n  t h e  f o r m  o f  f u n c t i o n a l  i n t e g r a l  o f  t o p o l o g i c a l  p r o p e r t y  o f  c o n f i g u r a t i o n  
s p a c e s .  B e c a u s e  t h e r e  w a s  a  s e l f - o r g a n i z i n g  i n  t h e  p r o c e s s  o f  p l a s t i c  d e f o r m a t i o n ,  t h e n  
n o n - t r i v i a l  t o p o l o g i c a l  " i n t e r a c t i o n "  h a s  a p p e a r e d  b e t w e e n  s t r i n g s .  S u b s t i t u t i n g  ( 3 . 6 )  i n  
( 3 . 5 )  w e  s h a l l  r e c e i v e  
J  
d k d k  - - -
K 1 ( z 1 ,  t 1 ,  z o ,  t o ) =  
4
7 r
2  
e x p [ - i ( k ¢  +  k ¢ ) ]  x  K 1 ( z 1 ,  t 1 ,  z o ,  t o ;  k ,  k )  
t i  
K 1 ( z 1 , t
1
, z
0
, t
0
; k , k )  =  j  D 1 z ( t ) D 1 z ( t ) e x p ( i  j c d t ) x  
t o  
t i  
J  
z z ·  
x  e x p {  i  [ k (  z  _  ~ +  2 7 r l ) T a  0  T b +  c . c ] d t } .  
( 3 . 7 )  
t o  
S i m i l a r l y ,  w e  c a n  g e n e r a l i z e  (  3 .  7 )  f o r  t h e  h o m o t o p i c a l  c l a s s  (  l i ,  . . .  ,  l i - l ,  l i +  1 ,  . . .  ,  l n ) ,  w e  
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receive Feymann propagator for a trajectory i, having representation T i : 
x K1i(z1i1, ti, zzio, to ; k, k) 
ti 
K1i(zi1, t1, zi0, to;k ,k) = j D1z(t)D1z( t) exp(i jcdt)x 
to 
243 
(3.8) 
where we denote a difference of initial and final corners of a trajectory i concerning a 
trajectory j t hrough </>ij : 
(3.9) 
Thus, we have receiving t he density of probability distribution of transfer to plasticity in 
the form: 
4. DISCUSSION 
The medium with string structure is an medium such as polymer or the material of 
composites [5]. In an usual situation this medium is considered as Neutral. The research 
of a condition of deformation of such medium was executed on Flory model in [5] . In paper 
[6] t he influence of topology on the deformation was considered. We identify a string with 
an ideal polymer circuit. In any point of a circuit from definition of deformation we can 
receive 
< dl'2 > - < dl 2 >=« 2e »< dl 2 > 
where «» - average meaning(importance) on distribution of probability of deformation, 
<> - average meaning(importance) on Gauss distribution for ideal polymer. It means, 
that it is possible to receive Gauss Distribut ion through the distribution of probability 
of deformation and on the contrary. It is necessary to notice, that for each group G and 
its representat ion t here is a statistical sum or a function of distribution . The topological 
character of this group plays a main role in the process of taking shape plastic structure. 
In the classical theory of plasticity each trajectory determines the appropriate plastic 
condition. The interaction between the trajectories did not take into account. As a 
matter of fact , in the situation nontrivial topology exists because of the interactions of 
strings during self-organizing. So, the string theory of plasticity is constructed under the 
following schema. Let in beginning in body there are elastic strings or long elastic areas 
of a type of strings (for example, the macromolecular of polymers [ 5]). In a con di ti on of 
self-organizing each string has group and its .representation. For each type of interaction of 
strings one statistical sum or Feymann integral is determined, ie. there is t he classification 
of a plastic state with t he help of knot invariant. The probability of elasticity - plasticity 
transition is determined due to this propagator. 
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T r o n g  b a i  b a o  n a y  c h u n g  t o i  x a y  m o  h l n h  b i e n  d i ; m g  d e o  c u a  m o i  t r n a n g  c 6  c a u  t r u e  
d a y .  L y  t h u y e t  d a y  d a  d U ' Q ' C  S U  d i , m g  d e  p h a n  l o s i - i  c a c  t r s i - n g  t h a i .  
